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Abstract
In this paper the Gravitational waves (GW) due to models of gravitational action (that is liner
R and quadratic R2 gravity) in a perturbed anisotropic metric are considered. Also the power
spectrums due to these waves are compared and illustrated the effects of anisotropy. It is seen
that the power spectrum of the quadratic model is decreasing in terms of the wavenumber.
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1 Introduction
When an accelerate object moves in space - time, would make disorderliness and this perturbation on linear
order would produce Gravitational waves (GWs), which Albert Einstein in 1916 predicted their existence [1, 2].
In recent years, study of the GWs is a topic interesting the theoretical physics and important for testing the
predictions of General Relativity (GR) [3, 4]. The first detections of GWs from the merging of binary systems
(black hole and neutron stars) recently measured by the LIGO/VIRGO [5, 6, 7, 8, 9, 10].
In this paper we shall discuss GWs in a region of space-time in which there is no the anisotropic stress of the
energy-momentum tensor present, in other words in an isotropic and perfect fluid, and then we will focus on
GW caused by liner R and quadratic R2 gravity models as a possible probe of the early universe. one of the
well-known of the quadratic action is Starobinsky model for Cosmic Inflation. Other kinds of f(R) models can
be found in [11, 12, 13].
Gravitational perturbations in anisotropic universes have been investigated in some articles, for instance the
propagation of classical GWs in a Bianchi type-I (B-I) universe, that describes a homogenous and spatially
flat universe and has a different scale factor in each direction, has been studied before in [14], or self-consistent
solutions to nonlinear spinor field equations in GR for such a universe are investigated in [15], propagation of
GWs in anisotropic universe has also been studied in [16].
In this work, we consider the GW which come from linear and quadratic actions in anisotropic background.
Due to non-linearity, some of the evolution equations have problematic form and one solve them numerically.
Our results indicates the quadratic model produces a stronger power spectrum although it has decreasing
charter.
The paper is organised as follows: In section II, we obtain the equation of GW for R and R2 models in an
isotropic and perfect fluid. In section III we investigate GW in model of R and then a comparison is made
between the power spectrums of this model in two isotropic (Friedman–Robertson–Walker) and anisotropic
perturbed metrics. In section IV we study GW due to model of R2 and the obtained power spectrums of them
and then a comparison is made between the power spectrum of this model and model of R. Conclusions are
given in section V.
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2 The equation of GWs for a space-time anisotropic
Let us start with introduce the perturbed anisotropic 1 space-time metric whose line element can be written
in the form
ds2 = gµνdx
µdxν = (g¯µν + hµν) dx
µdxν = a2
(−dτ2 + dx2 + dy2 − dz2)+ a2hijdxidxj (1)
where τ is conformal time, g¯µν = diag{−a2, a2, a2,−a2} is the unperturbed background metric and hij is the
perturbation and satisfying the conditions: symmetric (hij=hji), traceless (h
i
i = 0), transverse (h
j
i,j = 0) and
|hij | << 1 .
In this paper we want to find GWs equation and the obtained power spectrum of them for above defined metric
Eq.(1) by using the lagrangian formalism in GR and modified gravity 2 in an isotropic and perfect fluid, 3 as
bellow [17, 18]
∂µ
(√−g¯ f,R ∂R
∂(∂µh)
)
= 0, (3)
where f,R =
∂f(R)
∂R
, g¯ is the determinant of g¯µν , h = hij
4 and R is Ricci scalar and equal to [17, 18, 19]
R =
−g¯µν
64piG
(∂µh∂νh) =
1
64piGa2
(
h
′2 − (∂xh)2 − (∂yh)2 + (∂zh)2
)
, (4)
where
′
is derivative with respect to conformal time ∂
∂τ
.
By substituting f(R) in Eq.(3) for two models of R and R2, one gets the GWs equations for theses models
respectively, as follows
∂µ
(√−g¯ g¯µν∂νh) = 0, (5)
∂µ
(√−g¯ R g¯µν∂νh) = 0, (6)
where are equations of GWs for models of GR (f(R) = R) and modified gravity (f(R) = R2).
3 The Power spectrum of GWs in model of R
In this section, we rewrite Eq.(5) for the metric introduced in the previous section Eq.(1), as follows
h
′′
+ 2
(
a
′
a
)
h
′ − (∂2x + ∂2y − ∂2z)h = 0, (7)
by using the Fourier transform h(τ,x) [19, 20], the later equation reduces to
h
′′
(τ,k) + 2
(
a
′
a
)
h
′
(τ,k) +
(
k2x + k
2
y − k2z
)
h(τ,k) = 0, (8)
one may get normalized this equation with respect to scale factor as bellow [17]
a4H2haa(a,k) +
(
4a3H2 +
a4
2
dH2
da
)
ha(a,k) +
(
k2x + k
2
y − k2z
)( 5
1.001
)2
h(a,k) = 0 (9)
1In this work the metric signature we adopt is (−,+,+,−) and we set c = 1.
2
f(R) = R, GR (2)
f(R) = R2, Modified gravity
3 hij(τ, x, y, z) = hji(τ, x, y, z) = h and Πij = Πji = 0, where Πij is the anisotropic stress of the energy-momentum
tensor.
4of course, hij = hij(τ, x, y, z), this is written this form for simplicity .
2
where ha(a,k) =
dh(a,k)
da
, haa(a,k) =
d2h(a,k)
da2
and H is the Hubble parameter.
Fortunately, this equation has the exact answer for the radiation dominated and the matter dominated cases
with the initial following conditions [17]
h
(
10−5,k
)
= 1 (10)
ha
(
10−5,k
)
= 0,
but because the answers are long, let us just investigate the power spectrum of them. Since the power spectrum
is a function of the wavenumber |k|, therefor we consider GWs with the condition : kx = ky = kz = |k|√3 =
k√
3
with by apply this condition one may rewrite Eq.(9) for the matter dominated 5 universe and with mentioned
conditions as bellow
0.3ahaa(a, k) + 0.75ha(a, k) + (
5
1.001
)2
(
k√
3
)2
h(a, k) = 0, (11)
by applying the variable change χ = k√
3
, this equation is analogues to the equation we obtained in our previous
work [17]
0.3ahaa(a, χ) + 0.75ha(a, χ) + (
5
1.001
)2χ2h(a, χ) = 0, (12)
the power spectrum relationship is[17, 18, 23]
Ωh(k) =
∆2h,prim
12 a2(τ0)H2(τ0)
(
T
′
(τ0, k)
)2
=
∆2h,prima
2(τ0)
12
[Ta(k)]
2
, (13)
where T (a, k) is the Transfer function, ∆2h,prim =
16
pi
(
Hinf
mPl
)2
6 and Ta(k) =
dT (a,k)
da
|a(τ0), in Fig.1 we have
plotted Ωh(k) in terms of k. And then in Figs.(2 and 3), a comparison is made between the power spectrums
of this model in two isotropic (Friedman–Robertson–Walker) and anisotropic perturbed metrics, it can be seen
that with increasing value of k the power spectrum of both models increase with a smooth slope.
4 The Power spectrum of GWs in model of R2
Similar to the previous section, we rewrite Eq.(6) for the metric defined in Eq.(1) as follows
∂τ (S h
′
)− ∂x (S ∂xh)− ∂y (S ∂yh) + ∂z (S ∂zh) = 0, (14)
where S =
(
h
′2 − (∂xh)2 − (∂yh)2 + (∂zh)2
)
, this equation has the set following answer
h(τ,x) = A[sin(τ − x)± e−|τ−x|], A[cos(τ − x)± e−|τ−x|], A[cos(τ − x)± sin(τ − x)] (15)
, A[cos(x+ y − z − τ)± e−|x+y−z−τ |] and ...
where A is a constant for instance A = 1 7, we select one of these solutions8 and investigate the obtain power
spectrum of it, for example h(τ,x) = [cos(x + y − z − τ) − e−|x+y−z−τ |].
Since the power spectrum is in terms of the wavenumber k (see Eq.13), so we first need to obtain the Fourier
Transform of h(τ,x) and then the power spectrum of it, one obtained h(τ, k) as following (see Appendix for
details)
h(τ, k) = (16)(
2 cos( k τ√
3
)
1 + ( k√
3
)2
)

√
3 sin
(
2√
3
(
k
RH0
))
k


2
+ cos(τ)
(
δ
(
k√
3
− 1
)
+ δ
(
k√
3
+ 1
))3
−
5This case is selected as an example one can consider the dominant radiation states or other cases
6Hinf is the Hubble constant during inflation and mPl is the Planck mass.
7Other values can also be given to A, for example A = 1000, A = sin(k), A = k and ..., where k is the wave
number[18]
8Due to being long computations - see appendix
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Figure 1: The power spectrum Ωh(k) with respect to k
for a universe of matter dominate (k is the wavenumber) .
pi2 cos(τ)
((
δ
(
k√
3
− 1
)
+ δ
(
k√
3
+ 1
))(
δ
(
k√
3
− 1
)
− δ
(
k√
3
+ 1
))2)
−
i
(
2 sin( k τ√
3
)
1 + ( k√
3
)2
)

√
3 sin
(
2√
3
(
k
RH0
))
k


2
+ ipi3 sin(τ)
(
δ
(
k√
3
− 1
)
− δ
(
k√
3
+ 1
))3
+
−ipi sin(τ)
(
δ
(
k√
3
− 1
)
+ δ
(
k√
3
+ 1
))2 (
δ
(
k√
3
− 1
)
− δ
(
k√
3
+ 1
))
,
where RH0 = (a0H0)
−1 is the comoving Hubble radius at the present, δ is the symbole of the Dirac delta
function and i =
√−1 . This equation is first obtained by three dimensions and then by using the properties
of the Dirac delta function and the previous section condition (kx = ky = kz =
k√
3
), is written in terms of k.
The power spectrums of these functions (for the different values of A) separately and together are plotted in
Figs.(4-7) and it is seen that the obtained power spectrums in terms of the wavenumber are decreasing.
Comparing of the functions of h(τ, k) for the different values of A is shown in Fig.(8) and it can be seen that
independent of the value of A, the power spectrums have a similar shape. And also we compared the power
spectrums of two models (R and R2) together in Fig.(9), it was seen the obtained power spectrum for quadratic
action in terms of k is decreasing.
5 Conclusions
We investigated GWs due to models of gravitational action (that is liner R and quadratic R2 gravity) in a
perturbed anisotropic universe. Equations of GW for this universe were extracted (perturbed anisotropic met-
rics in an isotropic and perfect fluid). And then the power spectrums due to these waves were obtained and
illustrated the effects of anisotropy. It was seen that the power spectrum figures model of R for two isotropic
(Friedman–Robertson–Walker) and anisotropic perturbed metrics are different from together in the beginning,
but with increasing value of the wavenumber k the shapes of both models increase with a uniform slope.
The power spectrums of the R2 model were also studied and were found that these spectrums have the same
shape, but unlike the mode of R, they had a decreasing slope in terms of the wavenumber.
6 Appendix : Scenario of the Fourier functions
First, we review the expansion of the cos [τ − (x+ y − z)] function as follows
cos [τ − (x+ y − z)] = (17)
cos(τ) [cos(x) cos(y) cos(z)− sin(x) sin(y) cos(z) + sin(x) cos(y) sin(z) + cos(x) sin(y) sin(z)] +
sin(τ)[sin(x) sin(y) sin(z) + sin(x) cos(y) cos(z) + cos(x) sin(y) cos(z)− cos(x) cos(y) sin(z)],
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Figure 2: Comparison of power spectrum for two metrics of isotropic (Orange) and anisotropic (Green)
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Figure 3: Comparison of power spectrum for two metrics of isotropic (Orange) and anisotropic (Green)
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Figure 4: The power spectrum for a state whose constant A is equal to sin(k)
then we rewrite some of the Fourier Transforms as follows
F[sin(kx)] =
pi
i
(δ(kx − 1)− δ(kx + 1)) (18)
F[cos(kx)] = δ(kx − 1) + δ(kx + 1)
F[f(x)f(y)f(z)...] = F[f(x)]F[f(y)]F[f(z)]...
F[f(x)± f(y)± f(z)± ...] = F[f(x)]± F[f(y)]± F[f(z)]± ...
where F is the Fourier Transform symbol.
Therefor using these relationships we can write the Fourier Transform of the cos [τ − (x+ y − z)] function as
follows
F {cos [τ − (x+ y − z)]} = (19)
cos(τ)F {[cos(x) cos(y) cos(z)− sin(x) sin(y) cos(z) + sin(x) cos(y) sin(z) + cos(x) sin(y) sin(z)]}+
sin(τ)F {[sin(x) cos(y) cos(z) + cos(x) sin(y) cos(z)− cos(x) cos(y) sin(z) + sin(x) sin(y) sin(z)]} =
cos(τ) {F[cos(x)]F[cos(y)]F[cos(z)]− F[sin(x)]F[sin(y)]F[cos(z)] + F[sin(x)]F[cos(y)]F[sin(z)] + F[cos(x)]F[sin(y)]F[sin(z)]}+
sin(τ) {F[sin(x)]F[cos(y)]F[cos(z)] + F[cos(x)]F[sin(y)]F[cos(z)]− F[cos(x)]F[cos(y)]F[sin(z)] + F[sin(x)]F[sin(y)]F[sin(z)]} ,
generally the Fourier Transforms of cos [t− (x+ y + z)] and e−|x+y−τ−z| respectively are equal to
F {cos [τ − (x+ y − z)]} = (20)
cos(τ) {[δ(kx − 1) + δ(kx + 1)][δ(ky − 1) + δ(ky + 1)][δ(kz − 1) + δ(kz + 1)]}
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Figure 5: The power spectrum for a state whose constant A is equal to 1
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Figure 6: The power spectrum for a state whose constant A is equal to 1000
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Figure 7: The power spectrum for a state whose constant A is equal to k
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Figure 8: Comparison of the power spectrum for different states of constant A. (A = sin(k) - orange,
A = 1 - green, A = 1000 - brown, A = k - blue)
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Figure 9: Comparison of the power spectrum of two models of R (orange) and R2 (green with A = 1)
− cos(τ)
{
[δ(kz − 1) + δ(kz + 1)][pi
i
(δ(kx − 1)− δ(kx + 1))][pi
i
(δ(ky − 1)− δ(ky + 1))]
}
6
+cos(τ)
{
[δ(ky − 1) + δ(ky + 1)][pi
i
(δ(kx − 1)− δ(kx + 1))][pi
i
(δ(kz − 1)− δ(kz + 1))]
}
+cos(τ)
{
[δ(kx − 1) + δ(kx + 1)][pi
i
(δ(ky − 1)− δ(ky + 1))][pi
i
(δ(kz − 1)− δ(kz + 1))]
}
+sin(τ)
{
[δ(ky − 1) + δ(ky + 1)][(δ(kz − 1) + δ(kz + 1))][pi
i
(δ(kx − 1)− δ(kx + 1))]
}
+sin(τ)
{
[δ(kx − 1) + δ(kx + 1)][(δ(kz − 1) + δ(kz + 1))][pi
i
(δ(ky − 1)− δ(ky + 1))]
}
− sin(τ)
{
[δ(kx − 1) + δ(kx + 1)][(δ(ky − 1) + δ(ky + 1))][pi
i
(δ(kz − 1)− δ(kz + 1))]
}
+sin(τ)
{
[
pi
i
((δ(kx − 1)− δ(kx + 1))][pi
i
(δ(ky − 1)− δ(ky + 1))][pi
i
(δ(kz − 1)− δ(kz + 1))]
}
F
[
e−|x+y−z−τ |
]
=
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
dxdydz e−i k.x e−|x+y−z−τ | = (21)
−eikzτ
∫ ∞
−∞
dx e−i(kx+kz)x
∫ ∞
−∞
dy e−i(ky+kz)y
∫ ∞
−∞
du eikzu e−|u|,
where u = x + y − z − τ , the third integral is the Fourier Transform of e−|u| and equal to 11+k2z , according to
the infinities ±∞ in these integrals have a physical meaning and equal to the comoving Hubble radius at the
present RH0 = (a0H0)
−1, we can change the integral boundaries to a constant (e.g ±b) and after integrating,
we set the Hubble’s radius instead of considered constant, that’s mean b =∞ ∼ (a0H0)−1, thus Eq.(21) with
these explanations and the condition of kx = ky = kz =
k√
3
will be as follows
F
[
e−|x+y−z−τ |
]
=
(
2 e
−ikτ√
3
1 + ( k√
3
)2
)
√
3 sin
(
2√
3
(
k
a0H0
))
k


2
, (22)
therefore h(τ, x) = − cos [t− (x+ y + z)]− e−|x+y−τ−z| in the Fourier space will be as follows
h(τ, k) = (23)(
2 e
−ikτ√
3
1 + ( k√
3
)2
)

√
3 sin
(
2√
3
(
k
a0H0
))
k


2
+ cos(τ)
(
δ
(
k√
3
− 1
)
+ δ
(
k√
3
+ 1
))3
−
pi2 cos(τ)
((
δ
(
k√
3
− 1
)
+ δ
(
k√
3
+ 1
))(
δ
(
k√
3
− 1
)
− δ
(
k√
3
+ 1
))2)
+pi3i sin(τ)
(
δ
(
k√
3
− 1
)
− δ
(
k√
3
+ 1
))3
+
−pii sin(τ)
(
δ
(
k√
3
− 1
)
+ δ
(
k√
3
+ 1
))2(
δ
(
k√
3
− 1
)
− δ
(
k√
3
+ 1
))
,
and because e
−ik τ√
3 = cos( k τ√
3
)− i sin( k τ√
3
), one may rewrite the later equation as bellow
h(τ, k) = (24)(
2 cos( k τ√
3
)
1 + ( k√
3
)2
)

√
3 sin
(
2√
3
(
k
a0H0
))
k


2
+ cos(τ)
(
δ
(
k√
3
− 1
)
+ δ
(
k√
3
+ 1
))3
−
pi2 cos(τ)
((
δ
(
k√
3
− 1
)
+ δ
(
k√
3
+ 1
))(
δ
(
k√
3
− 1
)
− δ
(
k√
3
+ 1
))2)
−
i
(
2 sin( k τ√
3
)
1 + ( k√
3
)2
)

√
3 sin
(
2√
3
(
k
a0H0
))
k


2
+ pi3i sin(τ)
(
δ
(
k√
3
− 1
)
− δ
(
k√
3
+ 1
))3
+
7
−pii sin(τ)
(
δ
(
k√
3
− 1
)
+ δ
(
k√
3
+ 1
))2 (
δ
(
k√
3
− 1
)
− δ
(
k√
3
+ 1
))
,
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